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Theoretical Foundations

Below is a brief summary of the knowledge required to
solve the problems that follow.
It is by no means a substitute for theoretical lectures.

Let X be a non-empty set and * a binary operation on
it. The operation * on the set X may (but does not have
to) satisfy the following properties:

1. Closure: Vz,y € X) xxy € X.

This property states that the result of applying the
operation to two elements of the set X remains in the
set X. For example, the sum of two natural num-
bers is a natural number, so the addition operation is
closed on the set of natural numbers. The difference
between two natural numbers is not necessarily a
natural number, so the subtraction operation is not
closed on the set of natural numbers.

2. Associativity: (Va,y,z€X) (xxy) xz =z * (y * 2).

3. Ezistence of an identity element:
(Jee X) (Ve eX)zxe=exx =ux.

For example, in the set of real numbers, the identity
element for the operation of addition is the number
0, while the identity element for the operation of
multiplication is the number 1.

4. FEzistence of an inverse element:
VexeX) (T eX)axxa' =o' xx=e.

For example, for the operation of addition on the set
of real numbers, the inverse element of an element x
is the element —z, because x+ (—x) = (—z)+x =0,
and zero is the identity for addition. The inverse el-
ement with respect to the operation of real number
multiplication is the reciprocal; therefore, the num-
ber 0 has no inverse with respect to real number
multiplication.

5. Commutativity: (Vz,y € X) x*xy =y *x.

A set together with an operation on it, i.e., the pair
(X, %), will be called an algebraic structure. If it satis-
fies property 1, we say it is a magma (or groupoid). If
it satisfies properties 1 and 2, we say it is a semigroup.
If properties 1, 2, and 3 are satisfied, it is a monoid. If
properties 1, 2, 3, and 4 hold, then it is a group. Finally,
if the commutativity property also holds in a group, then
it is an Abelian' group.

Problems Covered in Class

1. If A = {x+y\/§|x,y€(@} and z*xy =T -y,
where - is multiplication of real numbers, examine
whether (A, %) is an Abelian group.

INiels Henrik Abel (1802-1829), Norwegian mathematician

dr Danijel G. Aleksié, Teaching Assistant

1. Closure. Let z+13v/2 and a+bv/2 be two arbitrary el-

ements of the set A. This implies that x,y,a,b € Q,
that is, they are rational numbers. If the operation
x were closed on the set A, it would mean that the
result of the operation must be an element of the set
A. Let us calculate that result first:

(x +yv2) * (a +bV2) = (z +yV2) - (a+bV?2)
:xa+xb\/§+ya\/§+2yb.

From this form, it is not possible to conclude much,
i.e., it is unclear whether the above result of the op-
eration "remains”’ in the set A. Therefore, we will
write it in a more convenient form:

(za + 2yb) + (xb + ya) V2.

Now it only remains to state the obvious: the above
number is indeed of the desired form (”something
plus something times the square root of two”), and
moreover za + 2yb € Q and zb + ya € Q, because
these are sums and products of rational numbers, so
they themselves are rational numbers.

To summarize, we took two arbitrary elements of
the set A, applied the operation * to them, and con-
cluded that the result of the operation belongs to
that set. Therefore, the operation x is closed on the
set A, i.e., the closure property holds.

. Associativity. Formally, it would be necessary to

take three arbitrary elements of the set A, say x +
yV2, a+bv2, and a + 32 (for x,y,a,b,a, B € Q),
apply the operation * in two orders according to the
definition, and conclude whether the results coincide
or not.

However, here we can get away more ’cheaply”.
The operation * is not just any abstract operation,
but the well-known multiplication of real numbers,
which we know to be associative. Thus, for any
three real numbers u, v, and w, we know that
(u-v)-w=u-(v-w) holds. The elements of the
set A are real numbers; not all real numbers, but
certainly real numbers. If a property holds for all
triples of real numbers, then it also holds for our
“special” ones.

A formal answer would be: since multiplication of
real numbers is associative, and the elements of the
set A are real numbers, this property transfers to the
set A as well. Therefore, the associativity prop-
erty holds.

. Commutativity. Similar to checking the previous

property, the commutativity property is inherited
from the set of real numbers, so it holds for this set
and operation as well.



3. Ezistence of an identity element. Since we have one element: 0+ 0v/2, that is, it is obtained from the set
the operation of real number multiplication, it is to A by removing zero.* Now, in the standard way, we ex-
be expected that the identity element could be? the amine the properties that an Abelian group must satisfy.
number 1. The definitional property of the identity = We will use the solution of the previous problem wherever
certainly holds for it, namely that 1- (z + yv/2) = possible.

(x+y\/§)~1 - ery\@, where Ierﬁ is an arbitrary 1. Closure. Let = + y\/§ and a + bv/2 be arbitrary ele-

element of A. However, the property of the existence
of an identity requires not only that such an ("iden-
tity”) element exists, but that it exists in the set A.
Since 1 = 1+ 0v/2 with 1 € Q and 0 € Q, we con-
clude that 1 € A, so an identity element exists
and is equal to the number 1.

. Ezistence of an inverse. For this property of ex-
istence of an inverse to be satisfied, an arbitrary
(hence every) element of the set A must have an in-

verse. Let = + yv/2 be (again) an arbitrary element
of the set A. Since we are dealing with the operation
of real number multiplication, the only possible can-
didate for the inverse of this element is the number

1
eryﬁ'

Here two questions arise. First, is such a number
an element of the set A, i.e., can its expression be
“repackaged” into the required form? Second, does
this reciprocal value always exist (always = for ev-
ery element of A)? For the property to hold, an
affirmative answer to both questions is necessary.
However, the answer to the second question is neg-
ative. Namely, we know that 1/0 is an undefined
expression, and zero is indeed an element of the set
A, because it can be written as 0 + 0v/2. Therefore,
there exists (at least) one element’ of the set
A that does not have an inverse with respect to
the operation *. This property does not hold
for this algebraic structure.

We conclude: (A, x) is not an Abelian group, be-
cause it is not a group. It is a commutative monoid.

ments of the set A;. Thus, among other things, nei-
ther of them is zero. Since they are also elements of
the set A, their product is certainly in A because * is
closed on the set A. The only thing that could cause
a problem is if their product equals zero, thereby
“jumping out” of A;. However, that is not possible
because the product of two numbers is zero iff> one
of them is zero. In our case, by assumption, that is
not the case. Therefore, closure holds.

. Associativity. Holds because it is inherited from

the broader set A (to which it was inherited from
the broader set R).

Commutativity. Holds because it is inherited from
the broader set A (to which it was inherited from
the broader set R).

. Ezistence of an identity element. The number 1 is

again a candidate, because the operation remained
unchanged. Here, we only need to check that the
number 1 did not accidentally ”fall out of the set”
during the restriction of A to A;. However, only
zero was removed, and one is not zero, so 1 € Ay;
thus, here too, an identity element exists and
is equal to the number 1.

. Erzistence of an inverse. Here is where things got

stuck in the previous problem. So, let 2 + yv/2 be
an arbitrary element of the set A;. Since it can no
longer be equal to zero, and since we are dealing
with the operation of real number multiplication, a
good candidate for its inverse is the real number

1
x+y\/§7

which now definitely exists. It certainly gives one
when multiplied by z + /2, but we need to check
whether it belongs to the set A;. Let us transform
it into a more favorable form:

1 1 r—yvV2 oz —yVv2
The set A; differs from the set A from the previous NG = NG : Y 2 = 2 _y2 5
problem only in the condition 22 + y? # 0. This condi- Ty Ty =y 4
tion reads as "among the numbers z and y, at least one is = r + Y V2.
5 2 — 92 2 — 92
non-zero”, because the only way for the sum of the squares Y Y
of two real numbers to be zero is for both of them to be We have successfully written the potential inverse
zero. Thus, the set Ay is smaller than the set A by exactly in the appropriate form: “something plus something

2. f A ={z+yv2|2,y €Q, 2? +y*> #0} and
T xy = x -y, where - is multiplication of real num-
bers, examine whether (A4;, %) is an Abelian group.

2Even if it turned out that 1 does not belong to the set, that would not be proof that there is no identity. This problem is just one from a class
of problems where a well-known set with a well-known operation is taken, where an identity element exists, and then the operation is kept while
the original set is reduced, i.e., some elements are removed from it. The main trick with the solutions to such problems, especially regarding the
identity and inverse, is to check whether those “typical” identity and inverse elements, inherited from the larger set, ”survive” that restriction or
fall outside that narrowed set. It would be good to remember this footnote when we learn matrix calculus. There we will have famous
Z Z} |ae€ R} and G = { [8 8} |a€ R}, with respect to matrix multiplication, which best illustrate this
anomaly to which the footnote refers.

3For property 4 to hold, every element must have an inverse. The negation of the statement "every element has an inverse” is not "no element
has an inverse”, but "not all elements have an inverse”, which is equivalent to the statement “there exists at least one element that does not have
an inverse”. That is why it was sufficient to find one element that does not have one, in order to prove that property 4 is not satisfied.

4A careful reader might criticize us here for a serious mathematical imprecision. And they would be right. Namely, zero was not removed from
the set A, but rather the number 0 4+ 0v/2. What if zero could be written differently, as some other a + bv/2, where it is not @ = b = 0? This is
not possible, and the proof is left for independent work to those who can and want more.

5If and only if.

examples of sets of matrices S = { {



times square root of two”. But we have a few more
small details to fix. We know that, by the definition
of the set A1, z+y+/2 is not equal to zero. However,
in addition to it, division by the numbers = — y/2
and 22 — 2y? appears. It is clear that = — yv/2 # 0
for practically the same reasons as = + yv/2, since
22 + (—y)? = 22 + y?, which we know is non-zero.
Then 2 — 2y? # 0 as well, because it is equal to the
product of two numbers that are not equal to zero.
Furthermore,

€T -y

2 6@ and m

P €Q,
2 — 2y Q

because they represent sums, products, and quo-
tients of rational numbers. Further,

T 2 N —y 2 B 22+ 42
22 — 242 2 =22 ) " (22— 22)2°
which is not equal to zero because, by the definition
of the set Ay, 2% + y? # 0. Therefore,

1
—— € Ay
T+ yV2

In this problem, all necessary conditions are satis-
fied. Thus, (A1, *) is an Abelian group.

3. If M =Q\{-1} and a*xb = a+b+ ab, examine
whether (M, *) is an Abelian group.

We solve the problem by examining the required prop-
erties, as with the previous and every subsequent problem.
This problem is slightly more difficult than the previous
one because the given operation is not one of the familiar
ones, so we will have to examine all properties "by hand”,
almost without referencing properties of previously known
operations.

1. Closure. Let a and b be arbitrary elements of the
set M. This means that they are rational numbers
and that neither of them is equal to —1. Certainly
axb = a+b+ab is a rational number, as the sum and
product of such numbers. Closure "breaks” if it can
be equal to —1 for some a and b in M. Suppose that
this can happen. That would mean a + b+ ab = —1,
and with a little algebraic rearrangement, this ex-
pression becomes

(a+1)(b+1)=0.

So, if we assume that the operation is not closed on
the set, we obtain that the above product is zero
for some a,b € M, which is equivalent to a = —1
or b = —1, which is impossible because they were

chosen from M, and —1 does not belong there. We
have derived a contradiction,’ so we conclude that
a *b = —1 cannot happen for any a,b € M, and
therefore the operation * is closed on the set
M.

. Associativity. We check this property by definition,

without relying on any shortcuts. Let a, b, and c
be three arbitrary elements of the set M. Using the
commutativity of addition and multiplication of real
numbers and the distributivity of multiplication over
addition, we have

(axb)xc=(a+b+ab)xc
=(a+b+ab)+c+ (a+b+ab)c
=a+b+c+ab+ac+bc+abc (1)

and

ax(bxc)=ax(b+c+be)
=a+ (b+c+bc)+a(b+ c+ be)
=a+b+c+ab+ac+bec+abe. (2)

Equalities (1) and (2) give us that (axb)*xc = a*(bxc),
so the associativity property holds.

. Commutativity. For arbitrary a,b € M, we have

axb=a+b+ab and bxa=b+a+ ba,

which are equal expressions, because addition and
multiplication of rational (and real) numbers are
commutative. Therefore, commutativity holds.”

. Ezistence of an identity element. The problem asks

us to examine whether (M, ) is an Abelian group,
so we are not sure whether to look for an identity
element or to prove that it does not exist. Be that as
it may, we will engage in the procedure of finding it,
and if it does not exist, that will reveal itself along
the way.

We are looking, then, for an element e € M for
which e xa = a *x e = a holds for all a € M. Since
we have shown that commutativity holds, it suffices
to find an element e € M such that a x e = a for
all a € M. Then a + e + ae = a must hold, i.e.,
e(a+1) =0. Since a € M, it is not equal to —1, so
a + 1 is not equal to zero. From this, we conclude
that if an identity exists, it must be e = 0. Since
0 € Q and 0 # —1, it indeed is an identity element.
We conclude that an identity element exists and
is equal to 0.

. Ezistence of an inverse. This property will be satis-

fied if for an arbitrary element a € M there exists an
element o’ € M such that a*a’ =0 (a’ xa = 0 then
follows from commutativity). Therefore, let a € M

6We have just encountered the proof method known as Proof by Contradiction (Lat. Reductio ad absurdum). The essence of this method is
that, if we wish to prove a statement, we assume that its negation holds. Then we correctly derive a series of conclusions, and at the end of that
series, we reach a conclusion that we know is untrue (something like 0 = 1, or, in this problem, that a = —1 or b = —1, which we previously know
is impossible). If our (opposite) assumption led us to a false conclusion through valid logical reasoning, then it must be that our assumption is
incorrect, so we immediately know that its negation must hold: namely, the initial statement we wanted to prove.

"Here, and in problems in general, it is convenient to check commutativity at the very beginning rather than at the end. If a problem asks
whether the structure is an Abelian group and commutativity fails, we have saved ourselves work because we immediately conclude that it is not.
If, on the other hand, commutativity holds, then when checking the existence of an identity and an inverse, we do not have to check whether they
satisfy both defining equations, but only one, since the other follows from commutativity. This saves us about 50% of the time when checking those

items.



be an arbitrary element. We look for its inverse a’
satisfying a * a’ = 0, i.e.,

a+ad +ad =0,

or a/(1+ a) = —a. Since a € M, we can divide by
1 + a, obtaining
, . —a
a+1’

The o’ defined in this way satisfies the defining prop-
erty of an inverse element; it remains only to check
whether it belongs to the set M. It is clearly a ra-
tional number, and if it were equal to —1, then we
would have —a/(a+1) = —1, that is, a = a+ 1, i.e.,
0 = 1. This is, of course, a contradiction, so we con-
clude that a’ indeed belongs to the set M, thereby
establishing that every element of the set M has
an inverse element in the set M.

Finally, we conclude that since all necessary condi-
tions are satisfied, (M, *) is an Abelian group.

4. If S = {(a,b) | a,beQ, a#0} and (a,b)
(¢,d) = (ac,bc + ¢ + d), examine whether (S, x*)
is a group. If it is, examine whether it is Abelian.

1. Closure. For arbitrary (a,b),(c,d) € S, by defini-

tion:

(a,b) x (¢,d) = (ac,bc + ¢ + d).
We have that ac # 0, because a # 0 and ¢ # 0,
since the pairs (a,b) and (c,d) were chosen from S,
where only those pairs live whose first component is
non-zero. Of course, ac € Q and bc+c+d € Q, be-

cause a,b,c,d € Q for the same reason. Therefore,
the operation * is closed on the set S.

. Associativity. Let (a,b),(c,d),(f,g9) € S be arbi-
trary elements. We have

((a,b) x (¢,d)) = (f,9) = (ac,bc +c +d) = (f,9)
= (acf,(bc+c+d)f+ f+9)
= (acf,bef +cf +df + f +g)

and

(a,0) * ((c,d) * (f,9)) = (a,0) * (cf, df + [ +9)

= (acf,bef +cf +df + f +g).

We see® that the above two expressions are equal, so
we conclude that associativity holds.

. Commutativity. The definition of the operation *
tells us that

(a,b) * (¢,d) = (ac,bc + ¢ + d)
(¢,d) * (a,b) = (ca,da + a+D).
For commutativity to hold, the above two ordered

pairs must be equal. Their first components are
equal because ac = ca; however, one can sense that

the second components are not. We will find a coun-
terexample:

(1,2) % (3,4) = (1-3,2-3+3+4) = (3,13)
(3,4) % (1,2) = (3-1,4-1+1+2) = (3,7).

Since (3,13) # (3,7), and both pairs obviously be-
long to the set S, we conclude that for the operation
x on the set S, commutativity does not hold.
(S, *) is not an Abelian group, but it can still be a
group, so we continue with the verification.

. Ezistence of an identity element. An ordered pair

(e1,e2) € S will be an identity element in our struc-
ture if for every element (a,b) € S it holds that

(e1,e2) * (a,b) = (a,b) * (e1,e2) = (a, b).

We will search for (eq,es) € S satisfying (a,b) *
(e1,e2) = (a,b), and if we find it, we will check
whether the first equality holds for it. Thus, it would
have to be

(a,b) % (e1,e2) = (ae1,be; + e1 + e2) = (a,b),

that is, ae; = a, be; + €1 + ea = b. From this sys-
tem, we find that e = 1 and b-1+4+ 1+ ey = b,
which yields e; = —1. The identity element could
be (e1,e2) = (1,—1), which also belongs to the set
S. Let us check from the other side as well:

(e1,e2)*(a,b) = (1, —1)x(a,b) = (a, —a+a+db) = (a,b).

Therefore, (1,—1) € S, so an identity element
exists and is equal to the ordered pair (1,—1).

. Euxistence of an inverse. Let (a,b) € S be an ar-

bitrary element. We look for its inverse element
(a/,0') € S satisfying

(a',b") * (a,b) = (a,b) * (a’,b") = (1, -1).
Similar to finding the identity, we will look for
(a’,b') € S such that it satisfies (a,b) * (a’,b’) =

(1,—1), and if we find it, we will check the second
equality for that element. It should be

(a,b) x (a’,b') = (ad’,ba’ +a' + V') = (1,-1),

that is, aa’ = 1 and ba’ +a’ + b = —1. Since a # 0
because (a,b) € S, we immediately calculate that
a’ = 1/a. Substituting into the second equation, we
derive:

which is certainly a rational number. Thus, the or-
dered pair

1 —1—a—
(a/7b/) = (7ab> cS
a a

is a good candidate for the inverse of the element
(a,b). We check it in the other order as well:

(0 1)  (a,b) = (1, _1_“_1’) « (a,b)

a a

SImplicitly using the commutativity of addition and multiplication of real numbers and the distributivity of multiplication over addition.



(1 —1—a—5b )
=(-a,——a+a+b
a a

=(l,-1—a—b+a+b)
=(1,-1).

Thus, an arbitrary element (a,b) € S has an inverse
element in S.

All necessary criteria except commutativity are sat-
isfied, so we conclude that (S,x) is a group, but
not an Abelian group.

5. If K = {(a,b) | a,b € Z} and (a,b) * (¢,d) =
(a+2%,b+d), examine whether (K,x) is an
Abelian group.

1. Closure. Take (0,—1),(1,1) € K. We have
1
(0,-1)x(1,1)=(0+27"-1,-1+1) = (2,0> )

which does not belong to the set K, because 1/2 ¢
Z. Therefore, the operation * is not even closed on
the set K, so (K, *) is not an Abelian group.

Additional Solved Problems

6. Let G = Q\ {—555; } and let the operation on
G be defined as

rxy=x+y+ 2024zy, x,y € G.

Examine whether (G, x*) is a group. Is (G,*) an
Abelian group?

1. Closure. Suppose that z *x y = —1/2024 could hold
for some x,y € G. Then we would have

1
T+ y+2024xy = ~ 5094

Equivalently:

2024z + 2024y + 2024%zy = 1
1+ 2024 + 2024y(1 + 2024z) = 0
(1 4 2024z)(1 + 20247) = 0.

From here, it would follow that 1 4+ 2024z = 0 or
142024y = 0, that is, z = —1/2024 or y = —1/2024.
This is a contradiction with z,y € G. Therefore, the
operation x is closed on the set G.

2. Associativity. Let x,y,z € G be arbitrary elements.
Taking into account the commutativity and associa-
tivity of multiplication and addition of real numbers,
as well as the distributivity of multiplication over
addition, we have

(zxy)*2z
=(z +y + 2024zy) * 2
=(z + y + 2024zy) + z + 2024(z + y + 2024zy)z

9

10See previous footnote.

= + y + 2+2024xy 4202422 +2024y 2+ 2024% 2y 2
and

ok (y* 2)

= * (y + 2 + 2024yz)

=z + (y+ 2z + 2024y2) + 2024x(y + z + 2024yz)
=+ y + 2+2024xy 420242 +2024y 2 +2024% 2y 2.

The above two expressions are equal, so associa-
tivity holds.

5. Commutativity. For x,y € G we have

rxy =1+ y+ 2024zy
y*xx =y +z+ 2024yx,

which are equal based on properties of real numbers.
Therefore, commutativity holds.

3. Ezistence of an identity element. We look for e € G

such that? for every € G, x xe = x is satisfied, i.e.,
r + e+ 2024xe = x,

which reduces to e(1+2024x) = 0. Since 1+2024x #
0 (because x € G), it must be e = 0. Since 0 € Q
and 0 # —1/2024, we conclude that 0 € G, so an
identity element exists and is equal to 0.

4. FExistence of an inverse. Let x € G be an arbitrary

element. We look for an element z’ € G such that!'®
z*xx' =0, ie.,

z + 2’ +2024x2’ = 0,

which reduces to z'(1 + 2024z) = —xz, that is,

= 7
1420242

Division is justified because 1 + 2024z # 0 since
z € G. Such 7’ is obviously rational, and if it were
x’ = —1/2024, we would have

—x _ 1
142024z 2024

< 2024x =1 + 2024x
— 0=1,

which is, of course, a contradiction. Thus, z’ sat-
isfies the required property, and moreover z’ € G.
It follows that every element from G has an
inverse in G with respect to the operation x.

We conclude that (G, *) is an Abelian group, be-
cause it satisfies all necessary criteria.

7. Let G = (—1,1) and let the operation * be de-
fined as:

axb= a,beq.

1+ ab’

Examine whether (G, *) is a group. Is (G, *) an
Abelian group?

T * e = e x x holds due to commutativity, so it is sufficient to check only one side.



1. Closure. Let a,b € G be arbitrary elements. Since

they are numbers strictly between —1 and 1, so is ab,
so 1 4+ ab is a strictly positive number. This will be
important to us because we will be able to multiply
and divide inequalities by it.

Suppose axb > 1, i.e.,

a+b 51
14+ab —

Equivalently:

a+b>1+ab
a—1+b—ab>0
(a—1)—=bla—1)>0
(a—1)(1—b) >0
(a—1)(b-1)<0.

However, since a,b € G = (—1,1), thena—1,b—1 €
(—2,0), so both are strictly negative numbers; then
their product is a strictly positive number, so we ar-

rive at a contradiction. Thus, a xb > 1 cannot hold
for a,b € G.

Now suppose that a xb < —1 for a,b € G. Equiva-
lently:

a+b <

1+ab —

a+b<—-1—ab

l+a+b+ab<0

(a+1)(b+1)<0.

Similarly, since a,b € G = (—1,1), thena+1,b+1 €
(0,2), i.e., they are strictly positive numbers, so
their product is strictly positive. Again a con-
tradiction. Thus, for a,b € G, it must be that
axb € (—1,1) = G, which means that closure
holds.

. Associativity. Let a,b,c € G be arbitrary. We cal-
culate that

a+b
+c
a+b>*c_ 1+ab

(a*b)*C:<1+ab _1+a+b

1tab €
B %ﬁrab) _a+b+c+abc
© 1fabt(atb)e T 1 4 gb+ ac+ be
1+ab

and

b+C> a+1bibcc

ax(bxc)=ax <1+bc =

_1_|_a b+c

1+bc
. 7a(1ﬁ?3,jb+c _a+abc+b+c
 Itbetalbte) | 4 be4ab+ ac’
1+be

The above two final expressions are equal, thanks to
the properties of real numbers. Thus, in this struc-
ture, associativity holds.

. Commutativity. It is clear that for a,b € G the ex-
pressions

ath and bxa= bta

b:
ax 1+ ab 1+ ba

are equal, because addition and multiplication of
real numbers are commutative operations. There-
fore, commutativity holds.

. Ezistence of an identity element. Due to commuta-

tivity, it is sufficient to find e € G such that for all
a € G, a*xe=a is satisfied, i.e.,

a+e
1+ae

)

which with quick computation reduces to a + e =
a+ a’e, ie., e(1 —a?) = 0. Equivalently,

e(l—a)(1+a)=0.

Since a € G = (—1,1), we have a # —1 and a # 1,
so (1 —a)(1+a) # 0. It follows that e = 0, which
certainly belongs to G. Thus, an identity element
exists and is equal to 0.

. Ezistence of an inverse. For x € G, due to commu-

tativity, it is sufficient to look for =’ € G for which
z*xx' =0, ie.,
x4+

1+ xa’

It must be x + 2’ = 0, i.e., ' = —x. Such an 2’
indeed belongs to G, because G is symmetric about
zero. Thus, every element from G has, with
respect to the operation x, an inverse in G.

All criteria are satisfied, so (G,x*) is an Abelian
group.

Problems for Independent Work

8. On the set G = (R \ {0}) x R we define the
binary operation * as

Prove that (G, *) is a group. Is this group Abelian?

(a,b) * (z,y) = (az,a’y +b), (a,b),(z,y) €G.

9. Let G = {(a,b) | a,b € QA a®+b* # 0} and let
the operation * be defined as:

(a,b)x(c,d) = (ad+bc, bd—2019ac), (a,b),(c,d) € G.

Examine whether (G, %) is a group. Is (G,x*) an
Abelian group?

10. Let G = (—3,400), and let the operation  be
defined as:

rxy=xy+3z+3y+6, z,yecd.

Examine whether (G, *) is a group. Is (G,*) an
Abelian group?




